Broken rail to inspect more frequently the segments that have higher risks. As we will discuss in later 1 sections, this alternative approach requires more sophisticated risk modeling and optimization 2 techniques.
3
The objective of this paper is to develop a generalized methodological framework that 4 can optimize segment-specific rail defect inspection frequency given total miles of track to 5 inspect. This model uses input information such as traffic density and rail age to estimate 6 segment-specific broken rail risk, and use the risk information to optimize the frequency of 7 ultrasonic rail testing. This paper is structured as follows. First, we review the relevant literature, 8 identify knowledge gaps and elaborate on the scope of this research. Second, we present a 9 generalized risk-based optimization methodology to determine the optimal rail defect inspection 10 scheduling by segment characteristics. Third, we illustrate the application of the model using inspection, and maintenance schedules all affect broken rail risk. The mechanism of rail crack 24 formation and growth through theoretical modeling and laboratory testing has been extensively 25 studied in the literature (11, (20) (21) (22) (23) . 26 2) Broken rail statistical prediction. In addition to engineering analysis, the prior effort also 27 predicted broken rail occurrence using statistical approaches. For example, Shry and Ben-Akiva The risk-based rail defect inspection frequency optimization methodology comprises of two 31 modules, 1) the estimation of broken rails by inspection frequency and 2) the prioritization of 32 segment-specific inspection frequency given the total miles to inspect. (12), and thus not duplicated herein.
13
The Volpe model is presented as follows.
14 15
Where: The parameters in Equation (1) are based on published statistics in the literature. As 28 stated earlier, broken rail occurrence is subject to many engineering factors. In the absence of 29 detailed information for all these factors, this paper uses the two focused factors, rail age and is more than 0.98, indicating a reasonable goodness of fit. If a track segment of this is inspected 41 four times annually (x=4), the approximate number of broken rails per track-mile is 42 0.7579×exp(-0.525×4)=0.093. If this segment is 10-miles long, the annual broken rail frequency on this segment would be 0.093×10 = 0.93. The analysis also shows that given the 1 same inspection frequency, the higher the rail age, the higher the broken rail risk. Similarly, an exponential regression model is found to adequately fit the data given other 9 rail ages and traffic densities. A general exponential model is presented as follows: Because there are numerous possible inspection schedules to choose from, the 5 enumeration approach is computationally cumbersome in identifying the optimal solution.
6 Therefore, this research uses a mathematical optimization technique, which is devised to achieve 7 a predetermined objective under constraints. In the context of rail inspection frequency, a 8 generalized model is presented below: other parameters are previously defined.
23
The objective function is to minimize the total number of broken rails on the whole route 
Decision Support Tool

42
A computer-aided decision support tool is developed at Rutgers University to implement the 43 complex model formulation and solution algorithms into a practice-ready tool that can automatically generate various rail defect inspection schedules, estimate their corresponding 1 broken rail risks, and identify optimal scheduling, given any level of resource availability. The 2 decision support tool contains four major modules as illustrated in Figure 3 . 
1 Optimal Inspection Frequency under Resource Constraint
32
Suppose that the whole track has the uniform annual traffic density of 80 MGT. Segment-33 specific rail ages are as follows. For illustration, we assume heterogeneous segment rail ages.
34
The methodology is applicable to other rail age distributions. Each track segment can have an annual inspection frequency of 2, 3, 4, 5, 6, or 7. In total, 38 there are 6 10 (600 million) possible combinations of rail inspection frequency schedules on this route. The numbers of broken rails for possible rail inspection schedules were estimated and 1 plotted. With the same number of miles to be inspected for each inspection schedule, some 2 inspection schedules resulted in lower broken-rail risk than others. The inspection schedules 3 resulting in the lowest level of the number of broken rail given a total mileage to inspect were 4 denoted as the "optimal" schedules. Other alternative inspection schedules were called "non-5 optimal" schedules. These "optimal" schedules constitute a Pareto frontier (Figure 4) . The Pareto 6 frontier demonstrates the optimal inspection scheduling given limited inspection resources. For 7 example, given a total of 288 miles inspected, the optimal inspection frequency for each segment 8 on this route is (3, 6, 4, 4, 5, 4, 4, 6, 2, 2) , with the minimal total annual number broken rails on 9 this route as 12. One of alternative inspection schedules denoted by gray dots is (4, 6, 5, 2, 3, 3, 3, 10 5, 5, 4), with the total number of broken rails as 15. Therefore, the "optimal" schedule may 11 reduce broken rail risk than its alternatives given the same inspection resources. The analysis shows that given total miles inspected, there exists an optimal inspection 18 frequency schedule that can lead to a minimum broken rail risk. On the Pareto-frontier, the more 19 miles to inspect, the lower broken rail risk under the optimal schedule. The Pareto-frontier may 20 vary with track and traffic factors (e.g., rail age, traffic density, segment mileage), the next 21 subsection will perform a scenario analysis to better understand how the optimal inspection 22 frequency by segment may change with these factors.
23 24
Comparison between Optimization-based Scheduling versus Empirical Approach
25
In this section, we analyze the amount of broken rail risk reduction using the optimization-based 26 rail defect inspection schedule versus the empirical approach that all the segments of the same 27 route are inspected at equal frequencies. We consider four total miles for inspection 216, 288, 28 360, 432, respectively. For example, "216" means that the railroad has resources to inspect a 29 total of 216 miles per year on this route. We compare two inspection frequency scheduling 
Miles Inspected
Non-Optimal Optimal
Black dots comprise optimal inspection frequency scheudlings given the budget approaches. The first approach is an empirical approach that all the segments are inspected at an 1 equal frequency. This approach is treated as a baseline in the analysis and the predicted number 2 of broken rails is called "base risk". An alternative approach is to optimize segment-specific 3 inspection frequency using the MINLP model described in this paper. Railroads often use a 4 road-rail vehicle (aka. hi-rail vehicle) that can operate both on railway tracks and on 5 conventional roadways to inspect rail defects. This type of inspection method allows for different 6 inspection frequencies on different track segments. Skipping the inspection of certain lower-risk 7 segments might enable more frequent inspections of higher-risk track segments, thus maximizing 8 the risk reduction. The minimum number of broken rails optimized by this model is regarded as 9 "optimization risk". Figure 5 illustrates the inspection frequency scheduling for each track 10 segment and the risk reduction of broken rail risk between the two approaches. 3, 3, 3, 3). An alternative risk-based optimal inspection schedule could be (2, 5, 3, 2, 4, 2, 3, 5, 2, 23 2). Compared with the empirical schedule (with an inspection of all track segments three times 24 per year), the optimal inspection schedule would reduce the broken rail number by 18.5%. With 25 216 inspection miles per year, the annual inspection frequency for segment B and H increase to 5 26 from the average inspection frequency 3, while the annual inspection frequency for segment A, 27 D, F, I and J decreases to 2 ( Figure 5 ). This is not surprising because segment B and H have 28 higher rail ages than other segments. As shown in Figure 2 , a higher rail age is associated with a 29 higher broken rail risk, given all else being equal. As the traffic on each track segment accumulates, the rail age for each track segment should 3 increase. For example, if the initial rail age for one segment is 400 MGT, and the annual traffic 4 density is 80 MGT. In five years, the rail age for the segment will increase to 400+80×5=800 5 MGT if there is no replacement of the rail. Table 1 shows the estimated rail age for each track 6 segment in different time periods and illustrates the optimal inspection schedules for each track-7 segment given various total miles inspected in three years, five years, seven years and ten years.
8
Based on Table 1 , we find that segment-specific optimal inspection schedules would 9 change as the rail age for each track segment increases. For example, given a total of 288 track 10 miles of inspection on the route per year, segment B currently has an optimal schedule of six (6) 11 inspections per year. In three years, five years and seven years from now, its optimal schedule 12 would be five (5) times per year. In ten years, its inspection frequency becomes 4, given the 13 same total route mileage for inspection ( Figure 6a ). While the optimal inspection frequency for 14 segment B decreases in future, more inspections will be allocated to other segments (e.g., 15 segment I). This is probably because the relative differences of risk levels between different 16 segments reduce if their rail ages become relatively closer to each other, given all else being 17 equal. For example, at present, segment B's rail age is 700 MGT, while segment C's rail age is 18 500 MGT (29% difference). In ten years (annual traffic density of 80 MGT within the period), 19 this relative difference of rail age reduces to 13%. A similar phenomenon was also found when 20 the total inspection resources change (Figure 6b ). To summarize, if the relative differences of 21 broken risks among track segments reduce, the optimal schedule is similar to the empirical 22 approach that most of the segments on the same route are inspected with the equal frequency.
23
Note that the risk can be affected by rail age and other factors. This paper focuses on the effect of 24 rail age. The methodology can be adapted to other factors in future research. This research develops a risk-based methodology to optimize the inspection schedules for each 19 track segment given a certain amount of inspection resources available. The methodology was 20 used in scenario simulations to demonstrate the safety effectiveness of optimizing rail inspection 21 frequency schedules. The analysis showed that prioritizing more inspections on certain higher-22 risk segments will minimize the total route risk with minimal additional inspection resources.
Also, rail age was found to be an important influencing factor. If the percentage differences of 24 rail ages among track segments of the same route are small, inspecting all segments with equal 25 frequencies will lead to a near-optimum inspection schedule. If this is not the case, there could be 26 a further reduction in broken rail risk if the optimization approach is used. The research here 27 holistically provides a generalized methodology to quantify segment-specific broken rail risk in 28 an effort to aid decision makers in arranging their most proper rail defect inspection schedules. 29 30
LIMITATIONS OF CURRENT RESEARCH & FUTURE RESEARCH
31
This paper focused on how to determine segment-specific inspection frequency under a certain 32 amount of inspection resources, thus minimizing broken rail risk. The current practice allows for 33 adjacent segments to be inspected with different frequencies. If the inspection vehicles (hi-rail 34 vehicles) get on and off the track too frequently, it will cause practical inconvenience. In future 35 research, a "stretch constraint" should be added into the optimization model in order impose a restriction on the minimum mileage within which the inspection frequency is homogenous. In 1 addition, this paper adopts the Volpe model developed in 1990s, which had no update for more 2 than 25 years. It might bring about some uncertainty for predicting rail defects. In the future, an 3 update for the Volpe mode is needed based on more recent rail defect data. Furthermore, future 4 research can adapt this methodology to account for other types of rail defects. Lastly, to better 5 understand the sensitivity of optimal inspection scheduling to a variety of track characteristics 6 (segment length, traffic density and so on), more analyses involving varying scenarios will be 7 developed in future research. assistance. However, the authors are solely responsible for all views and analyses in this paper.
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